I． Introduction
Near space defined as the airspace between 20 to 100 kilometres high above sea level, has been investigated quite intensively in recent years. In near space, the physical properties of gas including density, pressure and temperature, vary as a function of altitude dramatically. Re-entry vehicles such as HTV (Hypersonic Technology Vehicle), space shuttle or Apollo capsule, will experience different flow regimes from rarefaction to continuum when passing through near space during the course of their flight trajectory. The local flow field generated by hypersonic vehicles at high altitudes contains typical rarefied non-equilibrium characteristics, which occur obviously in the shock waves around the sharp leading edge, Knudsen layer near the solid surface, as well as the gaseous expansion region in the near-wake of vehicles. The reproduction of such non-equilibrium phenomenon in ground-based facilities or flight tests are extremely challenging and expensive and thus numerical simulation should be a better choice for the design of such vehicles. However, as the rarefied non-equilibrium effect is strengthened, the linear laws of Navier-Stokes-Fourier (NSF) become inaccurate and are not available any more. And hence a more refined set of theoretical tools beyond the classical theory of linear constitutive relations needs to be developed.
For many years, much effort has been undertaken on getting the real physical solution of the challenging flow problems of which NSF equations fail in description. Among them, the direct simulation Monte Carlo (DSMC) method [1] is rather successful one to solve the Boltzmann equation by counting the real molecule collisions with collision frequencies and scattering velocity distributions. Other well-known methods also include linearized methods of Boltzmann equation [2] , Boltzmann model equations (BGK, ES-BGK and Shakhov models) [3] [4] [5] , discrete velocity methods (DVM) [6] , unified gas-kinetic scheme(UGKS) [7] ,
Burnett-type equations [8] [9] [10] ], Grad's moment equations [11] , regularized 13 moment equations [12] etc. For prediction of aerodynamic characteristics of re-entry vehicles, it is recommended that any new methods should obey three acknowledged standards: (1) recovering the Navier-Stokes-Fourier solution in continuum regime and being superior in transition regime; (2) acceptable computational efficiency with less cost; (3) stable and accurate ability to handle complex configurations. However, either huge computational consumption or instability when handling complex geometries makes the aforementioned methods less popular in engineering application.
A set of generalized hydrodynamic equations proposed by Eu [13] provides an alternative solution procedure to the Boltzmann equation. However, Eu's 13 moment equations also have difficulty in handling multidimensional problems. In order to provide a practical high-order fluid dynamic model with stable computational capacity, Myong developed an efficient computational model on the basis of Eu's equations [14, 15] . The model, named as the nonlinear coupled constitutive relations (NCCR), takes a form of nonlinear algebraic system and can be implemented more easily in the hyperbolic conservation laws. The second-order molecular dynamic characterization of NCCR model was validated in Poiseuille flow research through the deterministic microscopic MD method [16] . Myong also constructed an uncoupled computational algorithm for this model, which was applied successfully in one-dimensional shock wave structure and two-dimensional simple flow [14, 17] . However, the uncoupled solution to NCCR model encounters numerical instability especially under three-dimensional conditions due to overlooking some significant effects among these multi-dimensional non-conserved variables [18, 19] . In present work, we attempt to utilize a coupled algorithm which combined Fixed-point and Newton's iterations for complete computation of non-conserved variables in NCCR model and modern CFD schemes to solve the conservational equations for conserved variables within finite volume framework. Satisfying and convergent NCCR results of the three-dimensional hypersonic flows are obtained and investigated carefully. Section II and III will give a briefly introduction about this model and the numerical solution process. The performance of the coupled and uncoupled algorithms is also investigated carefully in section III. Section IV will then discuss the flow field and surface property results calculated by this model and present a detailed comparison with linear NSF, DSMC and experiment prediction. Finally, some conclusions are drawn.
II. The Diatomic Nonlinear Constitutive Model
In order to solve the far-from-equilibrium flow problems, Eu [20, 21] 
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. 4  , 5  and 6  represent the flux of high-order moments. In order to close aforementioned evolution equations, Eu [21, 22] provided a closure (3) different from Grad's, which was considered by Myong [23] to achieve a balance between the kinematic and collision term approximation 456 0.
However, with the existence of time term of non-conserved variables in GHE, the numerical computation has to consider the mathematical properties of partial differential equations and their proper numerical schemes, which may bring great computational difficulties in such a nonlinear system. In order to omit the substantial time
in the left hand side of GHE (2), Eu [21] proposed an adiabatic approximation assumption: the transportation of conserved variables and the non-conserved variables vary on two different time scales. The non-conserved variables change faster than the conserved variables and thus reach a steady state more quickly than the latter. On the time scale of conserved variables, the time terms for non-conserved variables can be neglected. Note that the derivative term of
is removed by Myong in order to establish an algebraic system which can be solved by iterative methods. The term

Qu is also omitted just for the sake of simplicity [15, 17] . Finally, a nonlinear algebraic system of the second-order nonlinear model, namely the nonlinear coupled constitutive relations (NCCR), is developed. In our recent work [24] , the insignificant effect from this term  Qu has also been validated. The diatomic NCCR model can be summarized below as
The linear Navier-Stokes-Fourier constitutive relations, derived from the first-order Chapman-Enskog expansion, can be summarized as a comparison with the second-order model (4),
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A represents the traceless symmetric part of the second-rank tensor A . It is worthwhile mentioning that the bulk viscosity is equal to zero in the linear theory according to Stokes's hypothesis.
Introducing NSF relations (5) into NCCR model (4) and nondimensionalizing with infinite flow parameters [18] , we can get another more concise form of NCCR model as
where
In eqs. (6) 
III. Numerical Solution

A. Governing equation and temporal-spatial discretization
The three-dimensional governing equations of conserved variables for a diatomic gas in conservation law form in curvilinear coordinate system can be expressed as: 
In formulas (8), J is the Jacobian coordinate transformation and
The linear Navier-Stokes-Fourier constitutive relations can be rewritten in an index form as
The linear constitutive relations (9) in conjunction with Eqs (7) and (8) yield the well-known NS equations. In contrast, the dimensionless nonlinear coupled constitutive relations are written as .
Together with Eqs. (7) and (8), the nonlinear relations (10) yield so-called NCCR equations.
The NCCR equations are attempted to be solved numerically using the finite volume method. For computing the inviscid flux of hyperbolic conservational system, AUSMPW+ scheme was proposed by Kim [25] through introducing the pressure-based weight function to remove the oscillations of AUSM+ and overcome carbuncle phenomena of AUSMD. This flux splitting scheme is extensively used in hypersonic flows due to its efficiency, robustness and strong capability in capturing the shock. Therefore, the AUSMPW+ is also employed in computing the convective flux of NCCR equations. The AUSMPW+ scheme can be summarized as
For the detail of each parameter in (11) see the literature [25] . Note that the description of gas viscosity is Overall, the computational results show that this approximation meets the requirement of efficiency and stability for NCCR equations.
B. Coupled algorithm and constitutive-curve analysis
The only difference between NS and NCCR equations is the solution process of viscous stresses and heat flux. They can be computed directly and explicitly from the first-order derivative of conserved variable in NSF relations (9) but indirectly and implicitly in NCCR model (10) . Note that there is no derivative of these non-conserved variables ˆi j  , ,ˆi Q in NCCR model (10) . Therefore, an additional iterative process is available by firstly modelling NCCR model as a general form of nonlinear algebraic equation systems as below: Figure 4 . Furthermore, a two-dimensional and a three-dimensional compression-expansion problem (ˆx u -ˆy v -only and ˆx u -ˆy v -ˆz w -only) are also computed to highlight the uncoupled algorithm's deficiency in description of multi-dimensional effect. As is depicted in Figure 5 , the uncoupled solutions in 1D, 2D, 3D compression-expansion problems are almost the same, while coupled algorithm succeeds in distinguishing multi-dimensional effect on the normal stress solutions.
Finally, we also compare inherent relation of computational consumption of these two algorithms for ˆx u -only, ˆx v -only and ˆx u -ˆx v -only problems with non-equilibrium level in Figure 6 . The number of iteration in the vertical axis denotes the extra computational consumption in calculation of viscous flux term at every time-marching step and the horizontal axis represents the level of departure from equilibrium. Note that linear NSF stress and heat flux are computed explicitly from  ˆ,
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u v w T . The computational consumption for NSF solver can be assumed to be unity as a criterion for NCCR solvers. As is depicted in Figure 6 , the coupled algorithm's computation cost is lower than that of uncoupled algorithm in ˆx u -only and ˆx u -ˆx v -only problems. We can also see that the cost in the ˆx v -only problem is much lower than that of the uncoupled algorithm at local equilibrium regime, although it is more expensive at the away-from-equilibrium regime. On the whole, coupled algorithm improves the convergent speed in comparison with uncoupled algorithm.
IV. Results and Discussion
The diatomic nonlinear constitutive model has gained some successful applications in shock wave structure [22, 24] , micro-Couette flow [26] , etc. In this paper, a significant objective is to extend this diatomic model into stable and efficient computation of high-speed flows past some three-dimensional complex configurations by utilizing our coupled solver. Meantime, we would also like to compare NSF and NCCR's capability of shockwave prediction in local non-equilibrium region in this section.
A. Hypersonic flow past a blunted cone tip
The first case is a 0 25 half angle cone with a blunted nose of 6.35 mm in radius. Since the wake region behind the cone is not of interest this time, the configuration is assumed to be infinitely long but be truncated to have its first 5 cm length from the leading edge as research object. Note that there is no angle attack for the free stream in this investigation and the cone tip is axisymmetric. An impression of 0.58 million structured grid used in all computations is given in Figure 7 . The working gas is assumed to be pure nitrogen and the free-stream conditions come from the Run 31 of CUBRC experiments [27] 
And the other properties of nitrogen used in computations are given in Table 1 Figure 8-10 respectively demonstrate the DSMC, NSF and NCCR solutions of velocity and density along the lines normal to the cone at stagnation point, X= 1.14 and X= 3.14 cm. The DSMC data utilized in comparison come from Boyd's code (MONACO) and more details about the DSMC computation are introduced in [28] . The flow along the stagnation line passing through a normal shock wave is strongly nonequilibrium, where the linear NSF and DSMC solutions are therefore expected to be different to a large extent. As is depicted in Figure 8 Similar comparisons between DSMC and NCCR solutions for velocity and density at X= 1.14 and X= 3.14 cm are displayed in Figure 9 -10. At these locations, the nonequilibrium effect from oblique shock wave is not as strong as that along the stagnation line, and the NSF model coupled with a slip boundary performs not too poorly.
As shown in the figures, both NSF and NCCR results are very close to the DSMC results in most region, except NSF solutions in the oblique shock region. These discrepancies of NSF in velocity profiles are also highlighted in Figure 9-10(a) . In general, the NCCR model performs better than the NSF model in predicting nonequilibrium flows.
B. Complex flow past a hollow cylinder-flare
Furthermore, before being employed to predict the complex flow of real vehicles in near-space regime which may be difficult for ground-based facilities, new computational models need to successfully meet some experimental verification firstly. In the testing case, the data of winds tunnel experiments made in the CUBRC LENS facility [29] is available to validate the computational model and this case has also been extensively studied in open literatures [30] [31] [32] [33] containing a large amount of DSMC and NS validation data.
The configuration of a hollow cylinder in conjunction with a 30 o conical flare is depicted in Figure 11 . It is worthwhile mentioning that the sharp leading edge separates the free stream and only the external flow of this configuration is taken into account in this work as the internal flow does not interact with the external flow. The working diatomic gas is assumed pure nitrogen again. The specific inputs for the free-stream conditions are 
Notice that the free-stream condition is non-equilibrium in CUBRC Run 14 as the translational, rotational and vibrational temperatures are at different time scales. However, since the NCCR model at present does not include these physical non-equilibrium effects, no transitional, rotational and vibrational energy exchange for a diatomic gas is considered in our simulation. According to Myong [15] , the excess normal stress associated with the bulk viscosity of a diatomic gas could be introduced to describe simply the rotational non-equilibrium effect in some flow regimes where the rotational relaxation is faster than the hydrodynamic scale. Our present work here mainly focus on that in what range of flow regime NCCR model without these additional physical effect models can be capable of calculating.
Before we start to study the flow pass though the configuration, gradient-length-local Knudsen contour is shown firstly. As it is displayed in Figure 12 , continuum breakdown occurs inside oblique shock wave above the flare and the region between sharp leading edge and the separation region. The size of the separation and re-attachment region can be observed clearly in Figure 13 . The Mach number contour which is calculated by NCCR model demonstrates its capability of simulating these hypersonic flows fairly well.
Since the separation point is at about x/L=0.5, flow fields along the lines normal to the cylinder body at x/L=0.5 and 1 are studied. Figure 14 shows the detailed comparisons for density and velocity properties of DSMC, NSF and NCCR along these two lines. Notice that there is no comparison for temperature in this work now that the present NCCR model has not taken rotational and vibrational non-equilibrium effect into account.
The DSMC and NSF results both come from the literature [31] and the DSMC results were also computed by a parallel optimized code named MONACO. As displayed on the left of Figure 14 , the comparisons show that the NCCR results computed by the coupled iterative solver are in better agreement with the DSMC results than NSF results along the line normal to the cylinder at x/L=0.5 which is considered to be removed from local thermodynamic equilibrium based on continuum breakdown parameter GLL Kn . In the right profiles of Figure 14 , NCCR results are only in qualitative agreement with DSMC results, but excellently capture a small discontinuity predicted by DSMC around the shock region which is not captured by NSF. Boyd, et al. [31] pointed out that DSMC did provide correct solution before the separation point, but the accuracy at the conjunction of the cylinder and flare(x/L=1) was questionable. The obvious deviation between NCCR and DSMC results makes it difficult to judge the performance of former one and its unknown cause remains worthwhile to be put on future's research. In Figure 15 , numerical results are compared with the experimental data for non-dimensionalized heat flux coefficient along the body surface. The heat flux coefficient is defined as 
where l  is the free-stream mean free path and L is the characteristic body length. However, a non-negligible local rarefaction effect can be found especially in sharp leading edge, shock wave region or wake leeward region of hypersonic vehicles, which removes the flows away from local-equilibrium and out of the simulative capability of NSF model. Therefore, we adopt the second-order nonlinear model (NCCR) to simulate these flows as comparison, hoping it can make a significant supplement for linear NSF model with two aspects: recovering the NSF solution in continuum regime and remedying for the NSF solution in continuum breakdown regions.
In this work, grid independence study is carried on firstly using NCCR solution with three sets of grids. The details of these grids are present in Table 3 . As illustrated in Figure 17 , refined mesh 2 and 3 yield almost the same solution while coarse mesh 1 shows obvious deviation in Mach profile. Taking efficiency into consideration, we adopt mesh 2 for further investigation.
As a step toward testing the second-order nonlinear model's (NCCR's) potential in engineering application, the non-equilibrium regions of sharp leading edge, as well as surface aerothermal and aerodynamic properties including pressure, friction and heating transfer rate of the vehicle, are mainly investigated. The pressure, skin friction coefficient and heat transfer rate in Figure 23 -24 are defined respectively as 2 2 3 , , . 0.5 0.5 0.5
(21) Figure 18 shows the local details of pressure contour and streamline pattern around the sharp leading edge on symmetrical plane, from which a strong shock wave structure and a weak re-attachment region can be observed clearly. In order to compare the locations of the shock wave structure around the edge predicted by NSF and NCCR model, we mainly focus on macro-variable distributions from three important positions
) along the y direction on the symmetrical plane. As illustrated in Figure   19 , both NSF and NCCR can capture the steep shock structure accurately and its location is predicted exactly the same by these two models, which implies that NCCR model has as excellent performance as linear NSF model in continuum regime. Figure 20 yields distribution profiles from another case at 90 kilometres high. It is worth mentioning that some significant discrepancies occur in these profiles between the near-local-equilibrium NSF results and the away-from-equilibrium NCCR results, e.g., the pressure values predicted by NSF are much higher than that by NCCR. In addition, Figure 21 shows the pressure fields predicted by the two models. Compared with that of Figure 18 , the shock wave becomes weaker due to the lower density at 90 kilometres. Rarefaction effect becomes important and accounts for the discrepancies in these variable profiles. Figure 22 gives an impression of the comparison of the after-body flows at different altitudes predicted by NS and NCCR. NCCR solution of after-body flow is consistent with NSF at 50 km, while the rarefied non-equilibrium effect starts to impact and causes obvious discrepancy between these two models' solutions at 90 km. Moreover, non-negligible discrepancies in the surface properties' profiles between NS and NCCR model are also revealed. A slight difference is shown in skin friction and heat transfer coefficient profiles in Figure 23 .
But the pressure, skin friction coefficients and heat transfer rate predicted by NCCR are much lower than those by NSF in Figure 24 . NSF may overestimate the aerodynamic and aerothermal environment in rarefied flows with a strong non-equilibrium effect.
V. Conclusions
The paper mainly focuses on the further extension of diatomic NCCR model into three-dimensional applications by using a robust and efficient coupled solver within finite volume framework. In our coupled algorithm which combines two conventional iterative methods' advantage, Fixed-point and Newton's iteration take turns to be employed during the computation process of NCCR model. The coupled algorithm not only overcomes uncoupled algorithm's shortcoming in description of multi-dimensional effect, but also improves the computational efficiency and stability. Based on the coupled solver for NCCR, numerical experiments have been carried out on three multi-dimensional cases, including pure nitrogen gas flow past a blunted cone tip, complex flow past the hollow cylinder-flare and slip flows past a HTV-type lifting-body configuration at 50 and 90 kilometres. Overall, the NCCR model can recover to NSF solution in continuum regime and yields better agreement with the DSMC and experiment data than NSF in local non-equilibrium regions. We can also see that the discrepancies of flow field and surface properties between NSF and NCCR solutions are enlarged as the rarefied nonequilibrium effect is strengthened. On the whole, it can be concluded from the certification and validation with DSMC and experiment, that NCCR model has the potential as an alternative to less accurate NSF linear constitutive relations in the prediction of hypersonic and rarefied flows. Figure 9 Profiles along the line normal to the cone at X= 1.14 cm.
(a) Velocity (b) Density Figure 10 Profiles along the line normal to the cone at X= 3.14 cm. 
